obooooobooooooDo 11T
00000o0oooo0oooo(@oon)

ver-1.2

goog

goooo,0o0oboboo0o0ogoooooo LIIoooo,oboo0o000ooooooo,0o0o0
gboooooooboooboobooboo,0cob0ooobo0obooOobooobooboOoboooobooo
goo.ooooooboboboobooooobooboo. ob,booooobOoboboboo
gb.00b0oooboobooooobooon.

ggbogooaobooaod

gob.0ogbgoogoobooo

gboobooboooooboboooooooboboobooooooooboobobooooooon.
gboooboooooboobooooboobo,0b0o0oboooboobooboooboooboon
gogboobooobgooboo. oo, boobboobooboobbooboobo. oa
gobooboboobooboobobobobooboo.boon

Skn(a,d) =ad* + (a+d)" + (a+2d)" + -+ (a+ (n — 1)d)*

000000 Sgn(e,d 000000000 DO0O0OO.000O0OODOOOOO

k1 _ k1 (k1 kt1—j
(a+nd)" ! =adF 43" ; d S;.n(a,d)
=0

00000,00000000 Howard [40)000000. 0000000 e=d=100000
gboooooao

k
n)ktl = k+1 (n
(1+4n) 1+Z(j>M)

§=0
goooo.
go0,000o0oo00oooo0ooooo0oU0oD P QOOOODOOO.OO0ODODOOO
gbooboooobooboobooooobooobooobooob,booboooobooboo
gboooooobooooobooobo.

a®> d®> 2d 0 0 0 0
P=1a® d® 3d4*> 3d 0 0 0
a* d* 4d® 6d*> 4d 0 0

a® d° 5d* 104> 104> 5d 0

a® d% 6d° 15d* 20d® 15d®> 6d



1 0 0 0 0 0 0

a d 0 0 0 0 0
a?  2ad d? 0 0 0 0
Q= la* 3a*d 3ad? a3 0 0 0
a* 4a3d  6a%d*  4dad? d* 0 0

a® 5a*d 10a3d? 10a2d®  5ad* 2 0

a® 6a®d 15a*d? 20a3d® 15a%2d* 6ad® d°

ogpooo
_ 1 - _ ) -
So.n(a,d) n
S1n(a, d) n?
Son(a,d)| = PQ |p?
Sz n(a,d) nt
San(a,d) n®
_S5,n(a, d)_ _nG_
i 10 0
0 1 0
0 at 4
=10 a?—ad+ %2 ad — %
0 ad— 3:122‘(1 + ‘%2 3a22d _ 3a2d2 + d;
0 a*—2a3d+ a?d® — g—é 2a3d — 3a%d? + ad?
I 0 a— 5(124d 5a§d2 _ ag“ % — 5a3d? + # _ %
0 0 0 0 1 1 ]
0 0 0 0 n
0 0 0 0 n?
4 0 0 0 | |n®
ad? — d2—3 ‘1—3 0 0 n?
2a2d? — 2ad® + % ad? — d—; % 0 n®
% — 5a2d3 + % 5a;d3 . 5a2d4 + % ad? — % % ] _nﬁ_

gbbooboooboooboooboo.oboboooboooooooobboobooboobooboo



0o00ooooooooooooooooooooDoo. 0oooooDO0O000 Mathematica
gbbooboooobooobooboobooobooooooboooo0ooboobooooobog
go.

oonnooooOo eoBOO0O0OO0OODOOOOODOOO.

Spm(a,d) = A 0P T4 Afpk oo g Akn? 4 Abp

0000000000. 000000 A 000 Si.(e,d 00000DO0O0O00OOOOO.
0000000000000000000000000000000000000000000,
Owens [58) 00000000000

d-k-Sk_1n(a,d) = S,’f,n(a, d) — S} ola, d)

(00O 8 ,(a,d) 0 Sea(e,d 0000)000000. 00000

k k
dod-k- A =3 (5 + 1) AY 0
j=1

j=1
d-k
k k—1
j+1_j71Aj
gogbogooobooda,bd

forj=1,2,3,... k.

[ k 1_ [ ] _k: |

AZ| | Ak ri2d

Aptl 0 Ak 0 d
k

A lo 0 A Bl
k+1

Al Jo 0 0 4, ktlg
k

At 0 0 0 0 Ak ktlg
k

AT 0 0 0 0 0 Ak ktlq
AIfH _A112+1 —A’zi _AZ—l _Alig—2 T _AI2€ _Alf akt! 1

gbooooooon.

O k=4000
d4
A =—
75
d4
At =ad® — —
g =a B

d4
A3 = 2ad*d* — 2ad® + 3

Aj = 2a%d — 3a*d* + ad®

A} =a* — 2a3d + a*d® — di.
30



oo

AR A0 0 0 0 0 5d

A 0 A} 0 0 0 0 d

Al 0 0 A0 0 0 5d

A3 0 0 0 A3 0 0 5d

A3 0 0 0 0 A0 5d

A3 —AF —AF AR A A & 1
ooooood.

d5

6

4 _ d°
ad 5

5273 5,74, 5 35

ia d — §ad =+ ﬁd

13—0a3d2 — ba’d® + gad4

%a"‘d — 5add? + %a2d3 — 1—12d5

5 5.4 5352 1,74
a 2ad+3ad 6ad

00 Kalman [45| 0000000000000000. 00000000000 0OO0O0OO0O0O

gbooo.ooo

ggbogooo.bobbooboobooon.

D k=2000
1 a?
wed-QEEN e
= a? (T) + (2ad+d2)(g) +2d° (g)
_ d;m +(ad - d;)nQ +(®—ad+ g)n

ak

(a+d)*
(a+2d)k

1| [(a+kd)*¥

ggbgo,oabooobodaboabuooboobo. gboobooboaoboabaand
googbobooooooob.obobooboboboooboboboooboboobobo

gboooooa.

00000000000000000000000. 000 Fay & Sastry [26) 00000, O
00ooooooo {e,} 0000 A(x) DODODOODOOOOOOODOOO

A(z) = i anx”
n=0

goooooo,bobobdob 1—-20000000 @ag4+a1+---+a, 000000O0O00O0O. O

oo

Al@) N, .
1—:1c_7Z%bn:lj




ooooog bpy=ay+a1+---+a, 00. 00, 0000000000000O0COC0O

lfxd and

ggboboboaobooabo. aboaouobooooboob.bobod « 04000

§ ‘rlJrnd
1— xd

gboo.bobooooobo.oboboooboobooobooon.

et &
w =5 (1 + nd)a™

n=0
000 1+2d000000000000. 000000000000 0O0OO0O0 1—2¢0000
14 (d— 1)z
DDDDDDDDD.DDDSUHKLQDDDDD?ﬁdﬁjﬂﬂDDDDDDDDDDD
— X

00. 000000 ¢ 00000000000000000000000000000000

goooo.
1 =~ (n+k—1\ .
<1—xd>k‘;)( k-1 )””

gobobbooboobooboobobbooboob.oo,bobboboobooboon

1+ (d—1)a¢ - (n+2) ,
o = - na 3 (77

n=0

ggbgooda. oboobooaod

n+2>+(d_1)<n+1> _ (n+1)(2+nd)

St = ("] : .

gboooboobodobo.boboobodgbdobobd e=10000000000000000O4
gobooboboobooboobooboobooobooboooo.
gboooao

— 1)x? >
Ll Gt L 4(_1@ xdl)l = Z(l + nd)z™
n=0

0000000. 000000000 1-2¢0000000000000000 Sont1(1,d) 00
000000000,0000000000000000000'00000000000O0000
gboooobo.ooboo,oboo0oo0a

- +k—i—1
1+ jd)* AD ("
2_(1+jd) E: ( k+1
7=0
000000000000 0000. 00

SmwﬂLd)(n;2>+(dn<n;1)

lpoooooOoooooom



gooobooo.oboobooboboog oba Agk)DDDDDDDDDDDDDDDDD
g.0ogboooooooboooobon.

d 1 14(d-Da? A+ AW
de’T—2d~  (1—a92  (1—z92
d d 1 1+ (d? 4 2d — 2)x? + (d? — 2d + 1)2*?
de’dz 1 -8 (1 —x4)3
AéQ) +A(12)zd+A§2)x2d
- (1 —x4)3 ’
d d d 1 1+ (&3 + 3d% 4+ 3d — 3)x% + (4d® — 6d + 3)z? + (d — 1)323¢
—T—T——Z =
dr dz” dz 1 — x4 (1 —xd)*
Aég) + A(13)acd + A;S)xzd + Aég)x?’d
- (1—zd)* ’

oooooooooooon,o0o00 AP0 k00000 240000000000000. 00
0000000000 Mathematica 0000000 O0.

00000000 AY 00000 recursion relation 000000, 00000000000
oooooooo0, A® O Eulerian numbers 000 0000000000000000. OO
nooooon A% O, Worpitzky 000 000000000000000000000000
oooooooe2.

O0O00.0Fibonacci DO DO OODOO
Fibonacci 000000000000 OOOO,00000000D0O0O0O0OO0ODOOOOOOOO
0,0000000000000d000o0U0o0D0U0oU0DO. DoOooDOoUoUOoDoOooOoo
Fibonacci 00 {F,} 0000
n
Zﬂ=a+aﬂ—1
j=1

n

ZFJ2 = FnFnia
j=1

O000000000O0O00. Monk ,Tang & Brown [54) 000000000 Fibonacci 00O,
f(lmn)zkf(k,n—1)+f(k,n—2), f(k70)207 f(kvl):]‘

000 k-Fibonacci 00 0O00O0D0OOO,000000 {w,}0000,0000000000
gboooo

n

Wy + Wpy1 — 1
Sy = W
Jj=1

20go0oOoooooom



gogbgobooboboo. gbuoobuoobuoobooboobobooob,oaoboaoa
gboo.booooooo

i(_l)j+1w. _ (_1)n+1wn+1 + (—1)"w, +1
i=1 ’ k

gbooooooboooooooon

Zn: w3 — w?l-i-l +wd 4+ 3(=1)" w11 + 3(—=1)"w, + 2
a k(K2 + 3)

Jj=1

gooogoobgboo. oboboboobooboboobobobooboboboobobo
gbooooobooboooo.oboo

(—)™wdy, — (~1)"w + 20+ 1
k244

(—1)7 " wi =
1

j=
gbobooo,0ooboooo 4000000000000, 0000000000DO000O0O0DOO00O00OO0
gbo,00000000000b00000b00b0.00b0ob0og

n 1 n
D) = gm0+ D —wn) + 4D R + Dlwny - wl) + 38 2n + 1)
j=1

gboboooooboooooboobom

goooobobobooogo
Oo0ooooooooooog Sy, S, Ss,...0000000000,000000000CO
0,000 [77] 0000 Nicomachus’s Theorem 000000

St =53

ggbobobobooboobooobo.obaoo

(S = (S5

r=1 =1

0000000 r=1, p=2, s=3,¢q=1000000000000 Allison [2]. 000000
goodoboooobboooobbbooooboboooobDbboooubo,boooooo
00000000 Cavior [12].

n n

{Z(x+a)}2:Z(x3+3aa:2+(2a27a)xfa2)
r=1 x=1
gdd e0000000. 000 e=00000 5%253DDDDD|:||:|.
goo

n

(S f@) = {ig@)}q, pta

z=1

oboo0oboobD menicOOOO0O0OO0OOO0OODOOOOODOOO,

> ft)y=n'



gogboboboobooboobooboboboboboobo.oboan

n

{ 2(4333 — 622 + 4z — 1)}3 ={ Xn:(3x2 -3z + 1)}4
r=1

r=1
ob.0o0obooooa
(453—652-‘1-451—50)3: (352—3S1+So)4

gobooboobobooboobooboobooboooboob.boob,oboooba
gbooo,oon

2m—1

2m

—2Smi1= Y ( I )(_1)k5k52mk
k=1

O000000.000 Szab6 [70] D0000O0O. O000O0O0OOOOOOOOOOO

Sy = 52
S5 — 45155 — 352
S7 = 65155 — 155554 + 1OS§

0000000.00000000000000.000,000000000000000
Te=1424---+n)k

ooooo,

(5521
1 k
T, = S —2i
=g 2 (55 1)

gboboboooobooooboooooboo.ooboooobobooooboooooboooboooboboooobog,
gbooooooooobono

T =5
Ty = 53

1 3
T3 =-58 -S
3 43+45

1 1
T, = =5 -8
1= 5+2 7

gboooboooooooo. obooboooboobooooooboooboobooboonbooo
gboooooooo.

00, Melham [53) 0000, 00 {U,}22,, {Va}2,00000000000000.

Un :pUnfl - Un727 UO = 07 Ul = ]-7
Vn = anfl - V’I’L*27 ‘/0 = 2) Vl =D,



oo p>20000000000. 00000000 0ODOOOOODODO.

M=

(p+1)Y U == U’ +30_ U
k=1

1 k=1

b
Il

NIE
=
[
=
+
=
S
=
Py
(]
S

ot

p+D@*+p-1)

E
I

—
E

n

P+ +p- D@ +p*-20-1)> Ul =@+ Dp-2°0"+p— 1D U
k=1 k=1

+7(p+1)2p - D* —4)(D_Up)°
k=1

+35p(p+ 1)) _Ux)*
k=1

~T(p+2)2p+ 1) Up)*
k=1

+72p+1)(O_ Uk)?
k=1
00000,V 0000000000000000000000.0000000000000
000000,0000000000,00000000000000000000,000000
00000000000000000000.
0000,0000000 p=2000000000.0,0000000000000000,
oooo

Sy =T,
4 1
S5 = =13 — =T
5 =3T3~ 3T
4 1
S7=2Ty — T35+ ;1>

3 3
gooo0.0goooooooogoooooooooo.oooooo, U, Vi, O Chebyshev O
00000000000 Grabner & Prodinger [31], 00 0000000000000 0OOO0OO
gbooooooo,boboboobooooooon.

oood
gbobooboooboooooobooobooboobooboobooobo.oobooooooao
gbooooooobooobboobbooboooobooobOooboooooooooboooboog



go0oooooOooo.oopoooggBASICODOOOO,00DOOO00O0oDOOoOoOoOooDO
0000000 (p203-20) 000000000 O0O. 00000000 OD0OUDOOOODOOOO.
00,000000000000000000000U0D f(x)DOOOODO

flx+y) =Aly) f(z)
000000000000.000 A(z) O
Aty +t2) = A(t)) + A(ts), A(0)=E

0000000000000. 000000000000000%000000000000000

1 1
A(t) =exptB=E +tB + 5(tB)2 ok S(EB)
. n:

00000000000. 00000 BOOOOOOOOOOOOOO0O0000000000
00. 000000000 BOO A(#) 000,00 f(0)00 f(z) = A®t)f(0) 00,000
flz+y)=A@y)f(x) 0000000000000.

000.00000000000 B=10000.00000000 A{)=¢0, f(0)=10
000000 f(z)=e* 00,0000

Ty = eTe¥

oooo.
-1
000.00000000 B= oooog
10 0 —t 1|-t2 0 110 ¢
At) = + + = + = +--
() L) 1 [t 0 2000 2| 3|3 0

b0 sin, cos0ODOOO0O0OOOOO

At) = [cost —Sintl

sint  cost

1
DDDDDDDDDDD.DDDf(O)|p][|[|[||:|,
cosr —sinz| |1 Ccos T
f(x) - [ i ‘| |; ‘| - l i ‘| '
sinx  cosx 0 sinx
cos(x+y)- _|cosy —siny| |cosz
sin(z + y) | ~ |siny  cosy | |sinz

0 1]
10

A(t)_10+0t+lt20+l0t3
o1 t o] 2o | 3|8 o

gbooooboooon

gobooooo.

oboo.00o0oo0boo0o B= good

300oo0ogo

10



000 sinh, coshOO0O0O0O0O0O0O0DOOO

cosht sinht
At) =
sinht cosht
1
000U0ooOooooo.ooo fo) = [01 oooo,
coshz sinhz| |1 [cosh z
fla)=|. =1 . :
sinhax coshz| |0 _smh x
gooooooood
cosh(z +y)|  |coshy sinhy— coshz
sinh(z + y) B sinh y Coshy_ sinh x
ogoooooo.
[0 0 0]
1 0
000.0r000000 B=|g 1 oooo
L0 0]
[ 1 0 0 0]
t 1 0
A) = | 4 t 1
Lt et b1
T
x
ooo f(o)=|.|00oO0, f(z) = %562 O00,000000000D00000.
0 :
"]
r 1 7 1 0 0 U,
x4y Y 1 0 x
Flz+y)?| = Ly y 1 5’
1 n ) 1..n
L@ H )] Ly Ay y 1 L]

go0,000000000OO000oDOo00ooDOboOoooDoboOooDooOoon, 00 Math-
ematica U0 MatrixExp OO0 0000000000000 O0O0O0O0O0OO0O0OODO0OOOOO0ODAO
gboboo.obooooobooboobooobooobooooboooooooooboooboooonoog
gbooog.

11



0 00 00
1 0000
000.000005000000B={ 1 0 0 0o/000O
£ 0200
0 00 30
1 0 0 0
So(t) 10 0 O
A(t) = |S1(t) ¢ 0 0
So(t) 2 2t 1 0
Ss(t) 3 32 3t 1

00000 MathematicaOOODOO
1

1
0 So(x)
000 f(o)= (0| 0000, f(xr)=|S(zx)| 000,000000000000000000.

0 SQ(Q’J)
0 ()

1 1 0 0 0 1

So(z +y) So(y) 1 0 0] [So(z)

Si(z+y)| = |Si1(y) y 0 0] [Si(z)

Sa(z +y) Sa(y) v* 2y 1 0] |Sa(x)

S3(x +y) Ss(y) v® 3y* 3y 1] [Si(x)

000,000000000000000,0000 BOOOOOOOOOOO A(¢) 0000
0000000,000000000000. 0000000000000000000000,
0000000000000000,000000000000000000000000000
000000. 000,t— A(Y)0 ROOOOOOO,0000000 B=A(0)00 A®t)O
exptBOO0O00000,0000 f(z)=A@®)f(0)0 f(z) 00000,0000000000
0oooooooooo.

1] 1 17 1 ]
So(z +y) So(y) 1 0 So()
Si(z+y) Sily) oy 1 Si(z)
Sa(z +y) Sa(y)  ¥* 2y 1 Sa(x)
Ss(z+y) |~ | Ssly) P By 3y 1 Ss(z)
Sa(z +y) Su(y) vt 4P 6y 4y 1 Sy(z)

[Sk—2(z +y) | L Sk—a(y) ¥ (M7 ()t (=2 1 [Sk—2(2)]

oooooooooooon

oo0.00000o0ooo0oooooon

gdoooooooooU0oooUooDoOoOooO0OooU0U0oooUoDoUOoDOoOOoOooOoOooDoon
0000. 00000 O00ooooo,000000, Central Factorial Numbers, 00000 O

12



O00.00000 Eulerian Numbers 0000000000 Worpitzky 0000 O00O0ODO.
oog

()3
() (5
(T

gbooooogooboo

8

w

m= ()

000000000,0000000 <Z>DDDDD Eulerian Numbers 0000. 000000

Oo0o0000oDoOo0o00ooDooO0oooDobo0o0.000oDoo00o0Do0 Worpitzky 00O

O, 000o0obobooooon
i m\ n+1
r)  \r+1
m=0

goboobo,0o0bo0booooboobooooooboooooon.

00, Eulerian Numbers 0000 6, 00 0 £0000000O0DOCOOOO0OOOO0OO
ub0,00000000000000000 permutation statistics 100000000000
obobooooobooooooobo.

000.00000000000000oooogooooo

000 Edwards [21] 00 000OO0OO0O0O0OOOOO0OO,0000000000000 170
0000000000, Fermat, Pascal, Faulhaber OO OO0 0O000OO0OOOODOOOO. OO
Faulhaber O 0 Academia Algebre(1631) 00, 00000000000000O0O0OOOO0O0O
0000000000 Konuth 47/ 000000000000OOOOOOOOOOOO. 0O0OO
000 Bernoulli, Jacobi, Euler 000000000000 0OOOODODOOOO, 00000000
gobodooo,goggooobooboooobboooobbobobbooo,ooooboooo
0000000000000 00000D000000 recreationalmath OO0 O0O0O000O00O0O00O
0.0000000Do0oo0000oooooo0gooooooo0ooooooooooooo
0 04, "Mathematics Magazine” The Mathematical Association of America, ” The Mathematical
Gazette” The Mathematical Association, ” The Fibonacci Quarterly” The Fibonacci Association,
0000000007 The College Mathematics Journal” O 0 00 O ” American Mathematical
Monthly” 000 O O ”Mathematics and Computer Education Journal” 0000000000
00000o000D. 000000000 o0oo00ooo0ooooooooooo,o0oon
goodoooboooobbooobbuoooob oo oo b oooobboao.
go0oooo00oooooUoooooUoooooooooooooo.

00,00000000000000O00000DOoo0Uooo0oooooooooo. ooo
000o00ooDoo00oDoOoo0oDooOoooooooO, 000000 0Doo0oooo0o0o0OOno

‘Dpoooooooo

13



gbgbooooooooobogboobobobobobobobobobobobobobobo
gbooooboobooooobo.oooboooobobooooon.

oooo

gobnooooooooboooooooobooboooboooo,oboooboooboooo, o
gboobooooobooobooboooooboo,obo00ooobooboooobooboon
0000° 0000,000000000000000000000.0000,0000000
gbooobO.0ooooboooboobooobooooooboooobooobboobooboobooboooooo
gobgoboobo.oboooboboobooboobobooboobobobooboo. oo
gboobooooooboooboobooobooobooboooob,boobobooobooboo
gboooooobo.0oobooboboo,coboobooboooooboooooobooonoo
g0000O00000O0O000DO000 GoogleDOOOODO,00D0O0O0OO0DDOOOODO
00000000. http://directory.google.com/Top/Science/Math/Education/Magazines/ O O
000000000000 00000000 Webcat DODODOOODOOOODOOOOOOODOO
gboooooobobo. coboboooobobooooboobo,b0obooocoobooboon
00000000. 0000000000000 00 Om S.

gg,bogbooboobobooboboobooboobooboobboboboobo,on
gbooobooobooboobooobooobooobooboobo.obooboobooobooo
gbooobooooobooooobooobooooobooobooooobooobooooobooobooooonooo
go,gboobgoboobobooboboobobooboboobobooboboobo
gooo.

gboooboobooooobooboobooobooboobooboobooooooobo,ooon
000000000000, 0000000000 Concrete Math DOODOOOODOOOODOO
000000000000 o0o0. 00 MIo00o0000o00o0oDo0o0ooOO. 30000
gbooboooobooboobooooob,booboooobooboooboobooboon
gooo.

oboo LILInmoocooooooooobobobobooooooooooooonD. ooo
g,0o00booboobobbooboobooboobuoobon.

2003-08-25 & 2003-11-07, Typeset by I TgX 2, 000 0000000000000

............................................................. gobgbooobooboon

S0o0oo0oooo
S0000000000000000. http://www.jsps.go.jp/j-grantsinaid /index.html

14



Oo0o0oooOooooooooo
00000000 References

ver-1.3

goo

goo,b0oobooo,0boocooooooooo0oooboooboboob,b0bobbo0ooooooboOooDoOoo
gobO.0oooooooboocooobooooobooco,c0obooobo0ooboooobooOoooooOoboOooon
gooooooooooooooooboo.ooboboooooooboooooboobooooobooDooboooooo
oooooooooooboobooooboboooboobobo.NIooooooooOo 3000000000 O0000n
000.00,00000000000000000000000000000OO0. 000007,

gogd

1]

2]

[11]

[12]

D.Acu, Some algorithm for the sums of integer powers, Mathematics Magazine,61(1988),189-
191

D.Allison, A note on sums of powers of integers, American Mathematical Monthly, 68(1961),
272

I.Anderson, Sums of squares and binomial coefficients, Mathematical Gazette,65(1981),87-
92

0.D.Anderson, Explicit formula for summing 1% +2* +. .. 4n* Mathematics and Computer
Education,24(1990),225-231

0.D.Anderson, Summing powers of integers, Mathematical Spectrum,23(1990/1991),116-
121

A.B.Ayoub, A note on the sums of squares of natural numbers, Mathematics and Computer
Education,26(1992),246-247

A F.Beardon, Sums of powers of integers, American Mathematical Monthly 103(1996),201-
213

D.M.Bloom, An old algorithm for the sum of integer powers, Mathematics Magazine,
66(1993),304-305

C.B.Boyer, Pascal’s formula for the sums of powers of the integers, Scripta
Math,9(1943),237-244

G.F.C.de Bruyn and J.M.de Villiers, Formulas for 17+2P+3P+- - -+n?, Fibonacci Quarterly,
32.3(1994), 271-276

B.L.Burrows and R.F.Talbot, Sums of powers of integers, American Mathematical Monthly
91(1984),394-403

S.R.Cavior, A theorem on power sums, Fibonacci Quarterly, 6.2(1968), 157-161

‘D000000000000000m

15



[13]

F.Chorlton, Finite sums of powers of the natural numbers, Mathematical Gazette, 82(1998),
95-96

J.H.Conway and R.K.Guy, The book of numbers, 1996,Springer-Verlag ISBN0-387-97993-X

A.Cupillari, Proof without words: 13 + 23 433 + 43 4+ ...n3 = W, Mathematics
Magazine,62(1989),259

D.Desbrow, Sums of integer powers, Mathematical Gazette,66(1982),97-100

D.Desbrow, Volumetric proof of the sum of squares formula, Mathematical Gazette,
83(1999), 256-257

J.Ding and T.H.Fay, Bernoulli numbers and calculating the sums 1% + 2% + ... + n* Math-
ematics and Computer Education,30(1996),70-79

J.Doucet and A.Saleh-Jahromi, Sums of powers of integers, Research paper in Proceedings of
the Louisiana-Mississippi Section of the Mathematical Association of America,Spring 2002
(On-Line)

http://www.mc.edu/campus/users/travis/maa/proceedings/spring2002 /doucet.jahroni.pdf

S.M.Edmonds, Sums of powers of natural numbers, Mathematical Gazette,41(1957),187-189

A W.F Edwards, Sums of powers of integers : a little of the history, Mathematical Gazette,
66(1982),22-28

AW.F Edwards, A quick route to sums of powers, American Mathematical Monthly
93(1986),451-455

T.H.Fay, A note on the sums 1¥ 4+ 2¥ 4+ ... 4+ n* Mathematics and Computer Education,
28(1994),46-47

T.H.Fay, Remarks on the sums of powers of integers, Mathematics and Computer Education,
30(1996),174-178

T.H.Fay and K.R.S.Sastry, A further note on the sums 1% 4+ 2% 4 ... + n*, Mathematics and
Computer Education,29(1995),253-261

T.H.Fay and K.R.S.Sastry, Sums of powers of an arithmetic progression, Mathematical
Spectrum,30(1997/1998),10-12

T.H.Fay and B.L.Piazza A combinatorial approach to the calculation of 1% + 2F + ... 4 nk,
Mathematics and Computer Education,29(1995),269-278

L.Gessel, A formula for power sums, American Mathematical Monthly,95(1988),961-962
I.M.Gessel and X.G.Viennot, Determinants, paths, and plane partitions, preprint,(1989)

R.L.Graham, D.E.Knuth and O,Patashnik, Concrete mathematics, 1994, Addison-Wesley,
ISBN 0-201-55802-5

16



[31]

32]

[33]

[34]

[37]

[38]

[39]

[40]

[41]

[49]

J.Grabner and H.Prodinger, Some identities for Chebyshev polynomials, Portugalia Math,
59(2002), 311-314

M.Griffiths, Sums of powers of the terms in any finite arithmetic progression, Mathematical
Gazette, 86(2002),269-270

S.-L.Guo and F.Qi, Recursion formulae for Y " _, mF, Z.Anal. Anwendungen(J.Anal. Appl),
18(1999).4,1123-1130

S.L.Gupta An identity involving the sum of the kth powers of the first n natural numbers,
Mathematical Gazette, 56(1972),128-129

E.Hairer and G.Wanner, Analysis by its history, UTM,1996,Springer-Verlag, ISBN0-387-
94551-2

V.E.Hoggatt,Jr, A note on the summation of squares, Fibonacci Quarterly,15.4 (1977) 367-
369

V.E.Hoggatt,Jr, Corrections to ”A note on the summation of squares”, Fibonacci Quar-
terly,18.1 (1980) 82-83

P.Holmes, Proof without words:Y_"»_, 73 = (}_I'_, r)?, Mathematical Gazette,86(2002), 267-
268

F.T.Howard, Sums of powers of integers, Mathematical Spectrum,26(1993/1994),103-109

F.T.Howard, Sums of powers of integer via generating functions, Fibonacci Quarterly,
34.3(1996), 244-256

F.T.Howard, Lacunary recurrences for sums of powers of integers, Fibonacci Quarterly,
36.5(1998), 435-442

2

S.Jafari, Summing the series > I_, r and Y ._, 7? using Pascal’s identity, Mathematical

Spectrum,26(1993,/1994),50-51
V.Kac and P.Cheung, Quantum calculus, Universitext,2000,Springer-Verlag

R.A.Kahn, A simple derivation of a Formula for },_; k", Fibonacci Quarterly, 19.2
(1981),177-180

D.Kalman, Sums of powers by matrix methods, Fibonacci Quarterly, 28.1(1990),60-71
C.Kelly, An algorithm for sums of integer powers, Mathematics Magazine, 57(1984),296-297

D.E.Knuth, Johann Faulhaber and sums of powers, Mathematics of Computation, 61(1993),
277-294

T.Koshy, Summing integer cubes using Thébault’s array of arithmetic sequences, Mathe-
matical Gazette, 86(2002),271-272

K.R.Kundert, Sums of powers as sums of products, Mathematics Magazine, 54(1981),81-83

17



[50]

[51]

[52]

[53]

(6]

[67]

[68]

C.L.Liu, Intoroduction to combinatorial mathematics, 1968, McGraw-Hill, ISBN0-07-038124-
0

L.A.Lyusternik and A.R.Yanpol’skii,eds, Mathematical Analysis-Functions, Limits, Series,

Continued Fractions, 1965,Pergmon Press

G.Mackiw, A combinatorial approach to sums of integer powers, Mathematics Magazine,
73(2000),44-46

R.S.Melham, On sums of powers of terms in a linear recurrence, Portugalia Math, 56(1999),
501-508

L.Monk, D.Tang and D.Brown, Identities for generalized Fibonacci Numbers, Int. J. Math.
Educ. Sci. Technol, (2003) to appear

W.0.J.Moser, Sums of dth powers, Mathematical Gazette,75(1991),332-334

J.I.Naus, An instructive derivation of sums of powers and factorial powers of integers, Amer.
Statist, 20(1966),42-43

J.Nunemacher and R.Young, On the sum of consecutive k-th powers, Mathematics Maga-
zine, 60(1987),237-238

R.W.Owens, Sums of powers of integers, Mathematics Magazine,65(1992),38-40
R.V.Parker, Sums of powers of the integers, Mathematical Gazette,42(1958),91-95

J.L.Paul, On the sum of the kth powers of the first n integers, American Mathematical
Mounthly 78(1971),271-272

D.E.Penney and C.Pomerance, Multiplicative relations for sums of initial kth powers, Amer-
ican Mathematical Monthly 92(1985),729-731

P.A.Piza, Powers of sums and sums of powers, Mathematics Magazine, 25(1952),137-142

J.Riordan, Generating functions for powers of Fibonacci numbers, Duke Math.J. 29(1962),5-
12.

J.Riordan, Introduction to combinatorial analysis ,2002,Dover,ISBN0-486-42536-3(Original
printed, 1958, John Wiley)

H.J.Schultz, The sums of the k-th powers of the first n integers, American Mathematical
Monthly 87(1980),478-481

J.A.Scott, On sums of powers of the natural numbers,Mathematical Gazette, 85(2001),89-90

M.J.A.Sharkey, An identity involving the sums of powers, Mathematical Gazette, 57(1973),
131-133

R.P.Stanley, Enumerative Combinatorics, Vol.1, 1997, CAMBRIDGE ADVANCED
VOL.49, ISBN0-521-55309-1

18



[69]

[70]

R.P.Stanley, Enumerative Combinatorics, Vol.2, 1999, CAMBRIDGE ADVANCED
VOL.62, ISBN0-521-56069-1

L.I.Szabd, Some equations concerning the sums of powers of integers, Acta Sci.Math.
(Szeged) 67(2001),501-503

M.Tepper, Combinations and sums of powers, Fibonacci Quarterly, 12.2(1974), 196-198
M.Tepper, Sums of powers, Mathematics Magazine, 38(1965),17-19

B.Turner, Sums of powers of integers via the binomial theorem,Mathematics Magazine,
53(1980),92-96

N.Wermuth, Proof without words: factorising sums of integers taken to a small fixed

power,(2002),http://psystat.sowi.uni-mainz.de/wermuth/pdfs/sumint.pdf

J.Wiener, A calculus exercise for the sums of integer powers, Mathematics Magazine,
65(1992), 249-251

The On-Line Encyclopedia of Integer Sequences (On-Line)
http://www.research.att.com/ njas/sequences/

Eric W. Weisstein, world of MATHEMATICS (On-Line)
http://mathworld.wolfram.com/

2003-10-15 , Typeset by IWTEX 2., 000 0000000000000

19



